1. Let F be a Riemann surface whose universal covering space is conformally equivalent to the unit disk. We can regard R as the interior of a Riemann surface with boundary R* whose boundary is as large as possible (see §3). A quasiconformal map f of R onto another Riemann surface S has a unique continuous extension/* mapping R* onto S*. Two quasiconformal maps /and g of R onto S are homotopic modulo the boundary if/*=g* on R* -R and there exists a homotopy between/* and g* which is constant on R* -R. If R* -R is empty then/is just homotopic to g.
Let Khe the complex cotangent bundle of R. Then ß(f), the Beltrami differential off, is an element of /"(À-/^-1), the Banach space of all essentially bounded sections of the bundle KK'1. If R is a compact surface minus a finite number of points, then A(R) is finite dimensional and consists of all meromorphic quadratic differentials on the compact surface with poles of order at most one at the deleted points. Furthermore there exists a nonzero 9 e A(R) and a constant c with ß(f) = cO/\9\.
of its values over a disk centered at that point, the 9n are uniformly bounded on every compact subset. Using Cauchy's formula their derivatives are uniformly bounded also, and by passing to a subsequence we may assume that the dn converge uniformly on compact subsets to some 0 e AiR). Suppose \\ß(J) | R -K\\< \\ß(f)\\-Since I f ßif)on ú ||/3(y)|| f |0B|+ 1/3(7) i Ä-jq f |öB|
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Jk Jr-k we must have jR_K |0"| -> 0, and the Bn converge to 6 in L1 norm. We then have |#|| = 1 and ß(f)(0)=\\ß(f)\\, and we can repeat the previous argument to show ß(ß=\\ß(f)\\e/\9\. This gives a contradiction. Remark. Given any quasiconformal map /: R -> S, it follows from the usual compactness properties of quasiconformal mappings that there exists at least one extremal map homotopic to / modulo the boundary. Strebel [7] has shown that when R is the unit disk such an extremal need not have the form ß(f) = cd/\6\ and need not be unique.
2. The proof of Theorem 1 will be modeled upon the following general result.
Theorem 2. Let B be a Banach space and B* its dual. Let M be a C1 submanifold of B*. Suppose that the dual norm in B* assumes its minimum, or maximum, on M at a point x in M, and that there exists a closed subspace A ofB such that the tangent space to M at x is the subspace of B* orthogonal to A. Then ||x | A\ = ||x||. <; ix+tiy-x)i+i\\x\\-y\\)t á(i-0NI+/|bl+f 11*11-/bll = 11*1 and the norm does not assume its minimum on M at x. Similarly, for sufficiently small negative t, \\a(t)\\ > ||x|| and the norm does not assume its maximum on M at x either.
In the case where B is a Hubert space this condition yields a familiar result. Proof. Since ||x I A\\ = ||x||, xe A. If/: R -> S is a quasiconformal map, we may represent S also as the quotient of the disk by another Fuchsian group A, and the map / is covered by a quasiconformal map F of the unit disk to itself which has a continuous extension F* on the closed disk covering a continuous extension/*: R* -*■ S* off. Theorem 3. Two maps fi g: F -> S are homotopic modulo the boundary if and only if they can be covered by maps F* and G* of the disk to itself which agree on the boundary of the disk.
Proof. First suppose / and g are homotopic modulo the boundary, and let h*(t): R* -> S* be the homotopy with A*(0)=/*, h*(l)=g* and h* constant on R* -R. Then by the Covering Homotopy Theorem we can cover h*(t) with a homotopy H*(t): /)->/) which is constant on <P(r).
For each y e F there exists a 8 e A with H*(0)y=8H*(0). Fix x in the interior of D and consider the two curves in D given by H*(t)y(x) and 8H*(t)x. Since both are liftings of the same curve in S and both have the same initial point, they must agree. Thus H*(t)y=8H*(t) for all t.
But then H*(t) must be constant on the fixed points of F, and hence on the whole boundary of the disk. Therefore F* = H*(0) and G* = H*(l) cover/and g and agree on the boundary of the disk.
Conversely suppose F* and G* agree on the boundary of the disk. Define H*(t)(z) to be the point which divides the noneuclidean line segment between F*(z) and G*(z) in the ratio t : (1 -t). Then H*(t) covers a homotopy h*(t):R*^S* between/* and g* constant on R* -R.
Let /" : R -> S be a sequence of maps homotopic to / modulo the boundary, with \\ß(fn)\\ ^ k < I. Cover/and/, with maps F* and F* of the closed disk to itself which all agree on the boundary, and with ||j8(Fn)|| £k<l. Some subsequence of the F* will converge uniformly to a quasiconformal map G* (see Ahlfors [1] ) which agrees with F* on the boundary of the disk, and which covers a quasiconformal map g:R^-S homotopic to / modulo the boundary. Moreover ||i8(g)|| :£lim inf ||jS(/n)|| so we may choose the/, to make g extremal. 4 . In order to apply Theorem 2, I need the following result, which occurs (implicitly) in Bers [3] . Theorem 4 . Let N be the set of all Beltrami differentials of quasiconformal maps of R onto itself homotopic to the identity map modulo the boundary. Then N is an analytic submanifold ofL^iKK'1) in a neighborhood of zero whose tangent space at zero is the subspace orthogonal to A(R).
For completeness I shall outline the proof. Let D be the unit disk and D' its complement in the sphere. Define where the essential supremum is taken over almost all x in R. This metric is natural in the sense that it makes each map C(f): B(S) ->■ B(R) an isometry (if we define a metric r on F(S) in the same way). To establish this result it is necessary only to observe that in terms of a local coordinate chart the map C(f) is induced by a Möbius transformation from the unit disk in each fibre of L^QJ'1) to the unit disk in the corresponding fibre of Lco(KK'1), and the Poincaré metric is invariant under Möbius transformations. This metric is shown to be induced by a Finsler structure on B(R) by Earle and Eells in [5] . We shall need the following estimate comparing the metric r with the L°° norm. which proves the theorem.
6. Let A^ be as before the set of all Beltrami differentials of quasiconformal maps of P onto itself homotopic to the identity modulo the boundary. Proof. Suppose tj-e N and r(p, tt)< rip, 0). We know that Tr=ßig) for some quasiconformal map g: P ^ P homotopic to the identity modulo the boundary.
If H: R x [0, 1] ->-R is a homotopy between g and the identity fixing the boundary then/o g-1 o H is a homotopy between fand the map k=f° g'1 which leaves the boundary fixed. Since k°g=f, Cig)ßik)=ßif). Let /¿=/S(f) and \=ß(k). Since C(g) is an isometry and C(g)0=/S(g)=7r, t(A, 0) = r(C(g)A, C(g)0) = rip, w) < rip, 0).
But rip, 0) is a monotone increasing function of \\p\\ since diz, 0) is a monotone increasing function of z. Therefore ||A|| < \\p\\. Since X=ß(k) and k is homotopic to /modulo the boundary,/is not extremal.
It is now easy to complete the proof of Theorem 1 by imitating the proof of Theorem 2, using the estimate in Theorem 5. Suppose that /: R -> S is quasiconformal with Beltrami differential p = ßif) but that \\p \ AiR)\\ < \\p\\. By the where ß(t)/t -> 0 as t ->■ 0. Since ||/a|| -||i/| >0 we must have r(p, a(t)) < r(p, 0) for all sufficiently small positive t. Then since a(t) e N it follows from Theorem 6 that the map/: P -> S is not extremal.
